Lecture 9 



estimates 

Proposition 1 Let f be bounded and f G C"^(n) (locally), uj{x) = JqT{x — y)f{y)dy 
be the Newtonian potential of f. Then u G C^(0), Aoj = f and 

Diju{x) = / DijT{x - y){f{y) - f{x))dy - f{x) / DiT{x - y)ujday, 

where is nice domain (for instance, has boundary) with ^ o,nd we just 
extend f to vanish outside of il. 

Proof: Define = j^^^DijT{x - y){f{y) - f{x))dy - f{x) f^^^^ DiT {x - y)ijj day, the 
right liand side of above. Since Ajr(x - y) < j^r^, 1/(2/) - f{x)\ < ||/||c«k " yl") 
u{x) is well defined. 

Take rj^ix) G C~(M) such that (1) < r]e{x) < 1; (2) r]e{x) = for x < e; (3) 
r?£(x) = 1 for x > 2e; (4) |Vr?e| < f . Let 

^^^(a;) = / Ar(a;-y)%(|x-y|)/(j/)dy. 
in 

Claim: G C^(r2), and DiUi uniformly in fi. 

In fact, we have 

Djv,{x)= [ D,{Dir{x-y)rie{\x-y\))f{y)dy 
Jn 

= I DjiDiTix-y)ri,i\x-y\))ifiy)-fix))dy 

+ f{x) I Dj{Dir{x-y)7]e{\x-y\))dy 
= I DjiDiTix-y)ri,i\x-y\)){fiy)-f{x))dy 

- f{x) / Di{r{x-y)r]e{\x-y\))uj{y)dsy 
= / Dj{D,T{x - y)rj,i\x - y\))ifiy) - f{x))dy - f{x) [ D,T{x - y)iyMdsy. 
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Now 



\uix) - DM^)\ < [ Djiil - r],)DiT}{fiy) - f{x))dy 

J\x-y\<2e 

< / {\D^,T\ + -\D,T\)\x-yrdy 

J\x-y\<2e ^ 

< C||/I|C"( / I \^dy + - / I l^ZYZ^dy) 

J\x-y\<2s\x-y\ £ J\x-y\<2e\X-y\'' ^ " 

<cii/iic«((2£r+^(2£)i-") 

< C||/||c«£". 

Thus DjVe{x) converges to u uniformly on compact subsets as £ — > 0. But — > DiU, 
ueC^ln) djidu = Dij{n). 

Now take = -Br(O) D CI. Since AF = away from 0, the integral formula tells us 

Auj{x) = -f{x) / DiVvi{y)dsy 

J\x-v\=R 



'\x-y\=R 
f{x) f {xi - yi) _ 



"^n J\x-y\=R \x - y|" 

{Xi - Vi) {Xi - yi) 



_ m r 

nUJn J\x-y\=R 



\x-y\=R \x-y\ 

' ' ds 



)dy 



-I 

J\x-y\-- 



= fix). ■ 

Remark 1 In fact, in the proof we only needed Dini continuity, i.e.\f{x) — /(y)| < 
<p{\x — y\) where '^y^dr < oo. 



C^'"^ estimates for Poisson equation. 

Proposition 2 Consider Bi = Br{xq) C B2r{xq) = B2, f G C°'{B2r), where < 
a < 1. Let uj{x) = j^^T{x — y)f{y)dy, the Newtonian Potential of f in B2. Then 
io G C^'"(i?ij(xo)) and we have estimate 

where C = C{n,a) is constant. 
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Proof: Let xi e Bi, in last proposition we have showed 

Diju{x) = / DijT{x - y){f{y) - f{x))dy - f{x) / Ar(x - y)vjday. 

JB2 JdB2 

Thus 



D,,u{x)\ < |/|c-(^)C / \Dijr{x -y)\\x- y\"dy + |/(x)| / | Ar(x - y)\dsy 

JB2 JdB2 

<C|/|c.(.) ^-^dy + C|/(x)|^na;„(2i?)' 



1 

<C|/|c«(.)(3i?r + C|/(a:)| 
<C(|/(x)| + i?«|/|ca(.)). 
Take x e Bi, then 



DijLu{x) = / Ajr(x - y){f{y) - f{x))dy - f{x) / Ar(x - y)vjday, 
J Bo J a Bo 



Thus 



Diju{x) - DijLo{x) = f DijT{x - y){f{y) - f{x))dy - [ A,T(x - y){f{y) - f{x))dy 

JB2 JB2 

-fix) DiV{x-y)vjdsy + f{x) 1 DiV{x - y)vj{y)dsy. 
JdB2 •JdB2 

Boundary terms are 

fix) [ (DiTix - y) - DiT{x - y))vjdsy (I) 

{f{x) - fix)) f {DiT{x - y))ujdsy (11) 
■J a Bo 



'832 

SoHd terms in Bs{^), where 6 = \x — x\,^ = ^{x + x), are 

/ DijTix-y)ifiy)-fix))dy (III) 

[ DijTix-y)ifix)-fiy))dy (IV) 

On B2 \ Bs{^), we write DijT{x - y) = {DijT{x - y) - DijT{x - y)) + DijT{x - y), the 
corresponding soHd terms are 



/ {D,jT{x -y)- DijVix - y)){f{y) - f{x))dy {V) 

Jb2\Bs{0 

{f{x)-f{x))f D,,T{x-y)dy {VI) 

JBo\B/i(f) 



Now we begin to estimate these terms separately. 

(/) = fix) [ {DiT{x -y)- DiT{x - y))ujdsy 

JdB2 

<\f{x)\ [ \DDiT{x - y)\\x - x\dsy 
JdB2 

< \f{x)\6 ■ c [ p^^ds, < c\f{x)\d^nuJn{2R) 

JdB2 \^ ~ y\ 



< c\fix)\S^ < 2c\fix)\^ < 2c\fix)\i^r 

(//) = (fix) - fix)) [ (Ar(x - y)),.,dsy 
JdB2 



1 .^^^n-l 



ldB2 

< \f\c'='i.)S''cj^nL0n{2R) 

< C|/|c«(.)<^"- 



(///) = / DijVix - y){f{y) - f{x))dy 

< [ \D,jT{x-y)\\{f{y)-f{x))\dy 



dy 



<ci/ic<^(f r 

< c\f\cc^^)S-. 

Similarly, 

{IV) < c|/|c«(.)5". 
The last two terms are to be continued. 
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